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The classical theorem of Dunford and Pettis , identifies the bounded, uniformly inte-
grable subsets of L'(u) with the relatively weakly compact sets. Another characterization
of uniform integrability is given in a theorem of De La Vallée Poussin which states that a
subset K of L*(p) is bounded and uniformly integrable if and only if it is a bounded subset
of some Orlicz space L. We refine and improve this theorem in several directions. The
theorem of De La Vallée Poussin does not, for instance, specify just how well the function
F can be chosen. It gives little additional information in case the set in question is rela-
tively norm compact in L' (). Finally it gives no information on the structure of the set in
the corresponding Banach space of F-integrable functions. More specifically we establish
the fact that a subset IC of L' is relatively compact if and only if there is an N-function
F € A’ so that K is relatively compact in L}, . Furthermore we prove that a subset K of
L' is relatively weakly compact if and only if there is an N-function F € A’ so that K is
relatively weakly compact in Ly . We then go on to show that a large class of non-reflexive
Orlicz spaces has the weak Banach-Saks property, by establishing a result for these spaces,
very similar to the Dunford-Pettis theorem for L'. Finally we investigate some similari-
ties of these spaces, with the space L'(x). Kadec and Pelczynski have shown that every
non-reflexive subspace of L'(11) contains a copy of I; complemented in L!(x). On the other
hand Rosenthal investigated the structure of reflexive subspaces of L!(1) and proved that
such subspaces, have non-trivial type. We show the same facts to hold true, for the special

class of non-reflexive Orlicz spaces, we have been investigating.
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Chapter 0

INTRODUCTION

The notation used throughout this dissertation is fairly standard. A close model is the
notation in Diestel [6].

(Q, %, u) will denote a non-atomic probability space and LP(u) will denote the Banach
space of (equivalence classes of ) measurable, real-valued functions on 2, whose p-th power is
p-integrable. IR denotes the set of real numbers. The symbol ||| is used to denote a Banach
space norm. Sometimes subscripts are placed in the norm symbol, in order to identify the
space on which the norm is taken. The symbol x/.) is used to denote characteristic functions

of sets. That is for a set A in X, x4 is a real valued function defined on 2 by

1 fweAd
Xaw) =
0 ifwgAd
Finally given a measurable function f on 2 and a real number a, the probabilistic notation
[f >al, [f >a], [f <a], [f <a] and [f = a] is used to describe the sets of all elements
w € Q for which f(w) > a, f(w) > a, f(w) <a, f(w) <aand f(w) = a respectively.
For the various concepts in Banach space theory and measure theory, not defined ex-

plicitly, the reader should consult Banach [4], Dunford and Schwartz [9], Diestel [6], Diestel

and Uhl [7], Rudin [28], [29] and Halmos [11].

Recall that a subset K of L!(u) is called uniformly integrable if given € > 0 there is a

d > 0 so that sup { [ | f|du : f € K} < e whenever p(E) < §. Alternatively K is bounded



and uniformly integrable if and only if given ¢ > 0 there is an N > 0 so that

sup{/ f]du:felC}<€whenever02N.
[1f1>e]

The classical theorem of Dunford and Pettis [6, page 93|, identifies the bounded, uni-
formly integrable subsets of L'(u) with the relatively weakly compact sets. Another char-
acterization of uniform integrability is given in a theorem of De La Vallée Poussin [22,
pages 19-20], which states that a subset K of L'(u) is bounded and uniformly integrable
if and only if there is an N-function F so that sup{[ F(f)dp : f € K} < co. A func-
tion F' : R — [0,00) is called an N-function, if it is continuous, even and convex with

limy o0 @ = oo and lim;_,g F® — 0. Given an N-function F , the function G defined by

t
G(x) = sup{t|z| — F(t) : t > 0} is an N-function, called the complement of F'.

De La Vallée Poussin’s theorem is the focal point of Chapter 1 and the main reason that
the other chapters exist. We refine and improve this theorem in several directions. The
theorem of De La Vallée Poussin does not, for instance, specify just how well the function F’
can be chosen. It gives little additional information in case the set in question is relatively
norm compact in L'(y). Finally it gives no information on the structure of the set in the

corresponding Banach space of F-integrable functions. Such a space is called an Orlicz

space. Given an N-function F', the Orlicz space determined by F' is defined by
7 = {f measurable : 3¢ >0 such that / F(ef(w))du(w) < oo},
Q

where the usual identification of functions differing only on a set of measure zero, takes

place. The norm of an element f € L} is given by

I£llp =it + [ F(ef)dp) >0},

It is worth mentioning at this stage that if 1 < p < oo and F' is defined by F(t) = |¢|P,
then L7 is just the familiar LP space. Most of the results in this dissertation deal with

Orlicz spaces whose generating N-functions satisfy the Ay or A’ conditions. We say that



an N-function F' satisfies the Ay condition (F € Aj) if there is a constant K so that
F(2z) < KF(x) for large values of x. An N-function F satisfies the A’ condition (F € A’)
if there is a constant K so that F(xzy) < KF(z)F(y) for large values of z and y.

More specifically in Section 1.4 we establish the fact that a subset K of L' is relatively
compact if and only if there is an N-function F € A’ so that K is relatively compact in
L% (Theorem 1.4.3). Furthermore in the same Section we prove that a subset K of L' is
relatively weakly compact if and only if there is an N-function F € A’ so that K is relatively
weakly compact in L, (Theorem 1.4.7). In establishing this last result, a weak compactness
criterion for Orlicz spaces was used (Theorem 1.4.5). The technique employed to prove
this criterion was mainly averaging. Thus the natural question of Orlicz spaces and their
relationship to Banach-Saks types of properties arises.

Recall that a Banach space X has the Banach-Saks (weak Banach-Saks) property if
every bounded (weakly null) sequence in X has a subsequence, each subsequence of which,
has norm convergent arithmetic means. Banach and Saks have shown in [5] that LP, for
p > 1, has the Banach-Saks property, while Szlenk in [31] established the fact that L'
has the weak Banach-Saks property. Nishiura and Waterman showed in [24] that Banach
spaces with the Banach-Saks property are reflexive. On the other hand Kakutani in [15]
proved that uniformly convexifiable spaces have the Banach-Saks property. Baernstein in
[3] gave the first example of a reflexive Banach space that fails the Banach Saks property.
Furthermore Schreier in [30] established the fact that C0,1], fails the weak Banach-Saks
property. Akimovich in [1] has shown that reflexive Orlicz spaces are uniformly convexifiable
and so they have the Banach-Saks property.

In Chapter 2 we show that a large class of non-reflexive Orlicz spaces' has the weak
Banach-Saks property, by establishing a result for these spaces, very similar to the Dunford-

Pettis Theorem for L'. Before we mention the results in Chapter 2, we need to recall, that

'The idea for studying this class comes from [18]



a subset K of an Orlicz space L}, has equi-absolutely continuous norms, if given ¢ > 0 there

isa d > 0 so that

sup{l[xa- fllr = feK} <e

for all measurable sets A with u(A) < 0.
In Section 2.1 we show that if ' € Ay and its complement G satisfies lim; oo % =00
for some ¢ > 0, then any weakly null sequence in L}, has equi-absolutely continuous norms
(Theorem 2.1.3). As a corollary to this theorem we have that if F' is as above then a bounded
set in L} is relatively weakly compact if and only if it has equi-absolutely continuous norms
(Corollary 2.1.4). Furthermore, under the same hypothesis L}, has the weak Banach-Saks
property (Corollary 2.1.5). These results complement the ones of T. Ando in [2]. In Section
2.2 we give an application in convex function theory. Specifically we answer negatively the
following question posed in [17, page 30]: Given an N-function F' € A’| is it possible to find
an N-function H equivalent to F' so that H satisfies the A’ condition, for all real z,y ?
Having this 'Dunford-Pettis’ type of result for this special class of non-reflexive Orlicz
spaces, we continue on to Chapter 3, where we investigate some similarities of these spaces,
with the space L'(p). Kadec and Pelczynski in [13] have shown that every non-reflexive sub-
space of L!(u) contains a copy of I; complemented in L' (). On the other hand Rosenthal
in [27] investigated the structure of reflexive subspaces of L!(x) and proved that such sub-

spaces, have non-trivial type. Recall that a Banach space X has type p for some 1 < p < 2,

if there is a K > 0, so that
L. 1 L 1
(/0 1D ri®zi|Pdt)r < K- flallP)7,
i=1 i=1

where (r;) denotes the sequence of Rademacher functions? and zy,...,z, are arbitrary

For a positive integer n, r, : [0,1] — {—1,1} is defined by

m={ 1 if ¢ =1
TN (1)t ifte [, 4, wherei=1,...,2"

PR



elements of the Banach space X.

In Chapter 3 we show the same facts to hold true for the special class of non-reflexive
Orlicz spaces we have been investigating. In particular, in Section 3.1 we show that if
F is an N-function in Ao with its complement G satisfying lim;_, %‘f)) = oo then every
non-reflexive subspace of L}, contains a copy of li complemented in L}, (Theorem 3.1.4).
Furthermore in Section 3.3 we show that if F' is an N-function in Ag with its complement

G satisfying limy_, o %((Ctt) = oo then every reflexive subspace of L} has non trivial type

—

(Theorem 3.3.3).



Chapter 1

DE LA VALLEE POUSSIN’S THEOREM REVISITED

1.1  Uniform integrability and De La Vallée Poussin’s Theorem.

Definition 1.1.1 A subset K of L' (i) is called uniformly integrable if

C—00

limsup{/ | fldu:fek)=0.
[1f12e]

That is given € > 0 there is a cc > 0 so that for each f € K and each ¢ > ¢, we have

/ | fldu<e.
[1f1>e]

Another way of defining uniform integrability is described in the following proposition:

Proposition 1.1.1 A subset K of L'(u) is uniformly integrable if and only if it is L' -
bounded and for each € > 0 there is a § > 0 so that sup{ [, | f | du: f € K} < € for all

A € X with u(A) < 9.

Proof : First note that for all measurable A, f € K, ¢ > 0 we have

[ 1 1du= Flap+ [ [ f | dp < cu(A) + | f | dp.
A AN[|fl<e] AN[|f|=c] [1f1>c]

Fix € > 0 and choose ¢g > 0 so that sup{/j s>.; | f | du: f € K} < 5 whenever ¢ = co.

Then for all f € K we have

il <ap@+ [ i<+
o [1£12co] 2

and thus K is L' bounded. Now let 0 < § < 7¢;- Then for all measurable A with u(A) <4

and all f € K we have

£ e
/|f|dusCou<A>+ fldu<o+s=c.
A [1f>co] 22

6



We now prove the converse. Fix ¢ > 0 and choose 6 > 0 so that sup{ [, | f |du: f €
K} < € whenever A is measurable with p(A) < d. Let M =sup{J, | f|dun: f € K} and

choose ¢y > 0 so that % < 6. Then for all f € K and all ¢ > ¢y we have

1 M
f - fld — .
u([[ flzc]) < C/[f|2c]| | dp < o <90

So Jijfize) | | dp < & and so we are done. B
The following well known theorem of Dunford and Pettis, gives some more insight to the

notion of uniform integrability.

Theorem 1.1.2 (Dunford-Pettis) : A subset K of L'(p) is uniformly integrable if and

only if it is relatively weakly compact.

A proof of this theorem can be found in [6, page 93].

Yet another characterization of uniformly integrable sets is an old theorem that finds its
roots in Harmonic Analysis and Potential theory. It is due to De La Vallée Poussin. Since
it is this theorem that we deal with in this chapter, we state and prove this result in detail

(see [22, pages 19-20)).

Theorem 1.1.3 (De La Vallée Poussin) A subset K of L'(p) is uniformly integrable if

and only if there is a non-negative and conver function Q with lim;_, % = 00 so that

sup{/QQ(!fl)du:feiC}<00-

Proof : Suppose that K is a uniformly integrable subset of L'(u). We will construct a
non-negative and non-decreasing function ¢ that is constant on [n,n + 1) for n=0,1,...
with lim¢ . ¢(t) = oo and we will set Q(z) = [ ¢(t)dt for = > 0. Use the hypothesis to

choose a subsequence (c;,) of the positive integers so that

1
sup{ | fldu:feR}< - Vn=12,....
[1f1>en] 2



Then for each f € K and all n =1,2,... we have

[ fldp = / | dp
/[|f|>cn] 2 [m<|fl<m+1]

m=cpn,
00

S mp((m <] fl<m+1])

m=cn,

S | Flzm)).

m=cCn

v

v

So for all f € K we have
> Y wllflzm)<1.

n=1m=cn

Now for m = 1,2,... let g, be the number of the positive integers n, for which ¢, < m.

Then q,, /" oco. Furthermore observe that

SN w1z m) =S qul] £ 2 k) -
k=1

n=1m=cn
Let go = 0 and define ¢(t) = ¢, if t € [n,n+1) for n =0,1,2,.... Then if Q(z) = [ q(t)dt
we have

oo

e snan = > [ @7

n=0

< D (> am) - p([n <] fl<n+1])

n=0 m=0

= qo-pu([0Z|fI<1I)+(qo+aq) w1 fl<2])+--

= > aup([] f|2n])

n=0

1.

IN

So sup{ Jyy Q( £ )y : f € K} < .

To see that @ is convex, fix 0 < x1 < z2. We then have

L(@1+22)
A +e) = [T g

1 L(@1+22)
_ / g(t)dt + / g(t)dt
0 1



z1 1 [3(@1+x2) 1 2
< / g(D)dt + = / g(O)dt + ~ g(t)dt
0 2 1 2 %(9014-502)

= ;/Ozl q(t)dt + % /012 q(t)dt
= %(Q(M) + Q(2)) .

Finally observe that

)

and thus % > 2q(%) — 00 as z — 0.
We now prove the converse. Let M = sup{[,Q(| f [)dp : f € K}. Let € > 0 and

choose ¢y > 0 so that % > % whenever t > ¢g. Then for f € K and ¢ > ¢y we have that

| f1< Q| f1) ontheset [| f|>c]. Thus

9 9
Fldps— [ QUfDdu< M=
/[f|>c} M 11 f1ze] M

and so we are done. 1

1.2 Some facts about N-Functions
In this section we will summarize the necessary facts about a special class of convex
functions called N-functions. For a detailed account of these facts, the reader could consult

the first chapter in [17].

Definition 1.2.1 Let p: [0,00) — [0,00) be a right continuous, monotone increasing func-

tion with

2. limy—,00 p(t) = 00y
3. p(t) > 0 whenever t > 0;

then the function defined by
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is called an N-function.
The following proposition gives an alternative view of N-functions.
Proposition 1.2.1 The function F is an N-function if and only if F' is continuous, even

and convex with

1. lim, o 7% =

F(z)

2. limg 00 —

= 00;
3. F(x) >0ifz>0.
Definition 1.2.2 For an N-function F define
G(z) = sup{t|z| — F(t) : t > 0} .
Then G is an N-function and it is called the complement of F.

Observe that F' is the complement of its complement G.

Theorem 1.2.2 (Young’s Inequality) If F' and G are two mutually complementary N-
functions then

xy < F(r)+G(y) Ve,ye R.

Proposition 1.2.3 The composition of two N-functions is an N-function. Conversely

every N -function can be written as a composition of two other N -functions.

The following material deals with the comparative growth of N-functions.

Definition 1.2.3 For N-functions F1, Fy we write Fy < Fy if there is a K > 0 so that
Fi(x) < F5(Kx) for large values of x. If F} < Fy and Fy < Fy then we say that Fy and Fy

are equivalent.
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Proposition 1.2.4 If Iy < Fy then Go < G1, where G; is the complement of F;. In

particular if Fi(x) < Fy(x) for large values of © then Ga(x) < Gy(x) for large values of x.

Definition 1.2.4 A convex function QQ is called the principal part of an N-function F, if
F(z) = Q(z) for large x.

x
Proposition 1.2.5 If Q is convexr with mlingo@ = oo then @Q is the principal part of some
—00

N -function.

Definition 1.2.5 An N-function F is said to satisfy the Ao condition (F' € Ag) if

limsup,_, . % < 00. That is, there is a K > 0 so that F(2x) < KF(x) for large values

of x.

Definition 1.2.6 An N-Function F is said to satisfy the A" condition (F € A’) if there is

a K >0 so that F(zy) < KF(x)F(y) for large values of x and y.

Definition 1.2.7 An N-function F is said to satisfy the Ag condition (F € Ag) if there is

a K >0 so that xF(z) < F(Kx) for large values of x.

Definition 1.2.8 An N-function F is said to satisfy the A? condition (F € A?) if there is

a K >0 so that (F(z))* < F(Kz) for large values of x.

Theorem 1.2.6 Let F' be an N-function and let G be its complement; then the following

hold.
o IfF e A then F € As.
o If F € Aj then its complement G € As.
o If ' € A? then its complement G € A.
o [f F € Ay then there is a p > 1 so that if H(x) = |x|P then F < H.

Finally the classes ', Ao, A3 and A? are preserved under equivalence of N -functions.
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1.3 Some facts about Orlicz Spaces
In this section we summarize the necessary definitions and results about Orlicz spaces.

A detailed account can be found in chapter two of [17].

Definition 1.3.1 For an N-function F' and a measurable [ define
F(f) = [ F(f)dp
Let Lr = {f measurable : F(f) < co}. If G denotes the complement of F let
L} = {f measurable : |/fgd,u| < oo Vg€ Lg}.

The collection L}, is then a linear space. For f € L} define

£l = supf] [ Fodul: Glg) <1}
Then (L}, | - ||F) is a Banach space, called an Orlicz space.
The following theorem establishes the fact that an Orlicz space is a dual space.

Theorem 1.3.1 Let F' be an N-function and let Er be the closure of the bounded functions

in L. Then the conjugate space of Er is L, where G is the complement of F.

Theorem 1.3.2 Let F' be an N-function and G be its complement. Then the following

statements are equivalent:
1. Ly, = EF.
2. L. = Lp.
3. The dual of L}, is L.

4. F e A,
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Theorem 1.3.3 (Holder’s Inequality) For f € L}, and g € L, we have

[ 1£kd <1116 gl
Theorem 1.3.4 If f € L} then
|7l = inf {0+ Bk >0}
It follows then that f € L} if and only if there is ¢ > 0 so that F(cf) < oc.
Proposition 1.3.5 If ||f||r <1 then f € Lr and F(f) < ||fl|F.

Comparison of N-functions, gives rise to the following result concerning their corresponding

Orlicz spaces.

Proposition 1.3.6 If F} < Fy then Ly, C L, and the inclusion mapping is continuous.

Definition 1.3.2 We say that a collection K C L}, has equi-absolutely continuous norms
if
Ve >036 > 0 so that sup{||xefllr: f €K} <e whenever u(E) < 4.

For f € L} we say that f has absolutely continuous norm if {f} has equi-absolutely con-

tinuous norms.

The following two results deal with the equi-absolute continuity of the norms.

Theorem 1.3.7 A function f € L} has absolutely continuous norm if and only if f € Er .

Theorem 1.3.8 If K C L}, K has equi-absolutely continuous norms and K is relatively

compact in the topology of convergence in measure, then K is relatively (norm) compact in

L.
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1.4 De La Vallée Poussin’s theorem revisited

We state and prove the following lemma which can be found in [17, page 62].

Lemma 1.4.1 Given an N-function F, there is an N-function H € A’ so that H (H(z)) <

F(z) for large values of x.

Proof : Write F' = Fj o Fy, where Fi, F5 are N-functions and let GG; be the complement of

Fj. Let Q(z) = e%1(®)+G2(*)  The function Q is convex, with lim Q)

T—00

= o0. Hence there

is an N-function K whose principal part is Q. Clearly K € A? and G;(z) < K(x) for large
x. So if H is complementary to K, we must have H € A’ and H(z) < F;(z) for large z.

Thus H (H(z)) < Fy (Fa(x)) = F(z) for large values of z. 11

Lemma 1.4.2 If F € Ay and K C L}, then the following statements are equivalent:

I) The set KC has equi-absolutely continuous norms.

II) The collection {F(f) : f € K} is uniformly integrable in L'.
Proof :  The implication “(I) = (II)” follows directly from the fact that

| P = [ Fhdu=Feeh) < e

whenever ||[xgf|lr < 1.
Next suppose {F'(f) : f € K} is uniformly integrable. Let € > 0 and choose n € IN so
that 5z < &. Since F' € Ay, there are K > 0, ¢ > 0 so that F(2"z) < KF(z) for z > c.

Choose 0 < § < ﬁ(c) so that

sup {/E F(f)du: f € IC} < % whenever p(E) < 4.

Then for u(F) < 0, f € K we have

[ Fenin < [ Fedut [ i P2

1
< 7+K/ F(f)dp < 1.
2 EN[|f]>¢]
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Thus |2 fxellr < [ FQ"fxp)du+1<2. So ||fxelr < gi=r <e. B
From these two lemmas we obtain the following characterization of norm compact sub-

sets of L1.

Theorem 1.4.3 A subset K of L'(u) is relatively compact if and only if there is an N-

function F € A" so that K is relatively compact in L.

Proof : Since the inclusion map L% < L! is continuous, necessity follows.

Suppose K is relatively compact in L'. Then K is also relatively weakly compact in
L' and so by the theorem of De La Vallée Poussin there is an N-function H so that
sup{[ H(f)du: f € K} < oo. By Lemma (1.4.1) there is an N-function F' € A’ with
F(F(z)) < H(x) for large values of x. Thus sup{[ F (F(f))du | f € K} < oo and by De
La Vallée Poussin’s theorem again, we have that {F(f) | f € K} is uniformly integrable
in L'. So by Lemma (1.4.2) K has equi-absolutely continuous norms in L}. Since K is
relatively compact in L', it is also relatively compact in the topology of convergence in
measure. Hence K is relatively compact in L. I

The following results deal with relative weak compactness in L' and L7.. We begin by

mentioning a remarkable theorem of J. Komlés [16].

Theorem 1.4.4 (Komlés) If (f,) is bounded in L' then there is a subsequence (fn,) of
(fn) and a function f € L' so that each subsequence of (fn,) has arithmetic means p-a.e.

convergent to f.

Definition 1.4.1 A subset S of a Banach space X is a Banach-Saks set if every sequence in
S has a subsequence, each subsequence of which has norm convergent arithmetic means. The
space X is said to have the Banach-Saks property if every bounded set of X is a Banach-Saks
set. Similarily X is said to have the weak Banach-Saks property, if every weakly compact

set in X is a Banach-Saks set.
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It is an easy consequence of the Hahn-Banach theorem, that Banach-Saks sets are weakly

compact. So we are now ready for the next theorem.

Theorem 1.4.5 Let K C L%. If K has equi-absolutely continuous norms and it is norm
bounded, then K is a Banach-Saks set in L}. In particular K is relatively weakly compact

: *
in L.

Proof : Since K has equi-absolutely continuous norms,  C Er. Let (f,) be a sequence in
K. Since (fy,) is bounded in Lj-norm, it is also bounded in L'-norm. Hence by Komlés’s
theorem, there is a subsequence (f,,, ) of (f,,) and a function f € L! so that any subsequence
of (fyn,) has p—a.e. convergent arithmetic means to f. Let G denote the complement of F.

Note that for any measurable E and any g € L, with [|g||¢ < 1 we have

I/gXEfdul < /\gXEfldu

o 1 &
lim inf / lgxE— Y fuldp
" =1

IN

IN

1 n
sup — > /\ngfnk\du
Ot

1 n
< sup— E lglla HXEfnkHF
Oy

< sup{lxshlr: h €K},
Thus [[xefllr < sup{| [gxefdul : llgle < 1} < sup{l[xehllr : h € K}. So f € Lf
and f has absolutely continuous norm. Let (hi) be any subsequence of (fy,) and let
ap = % >or—q hk.

We now claim that a, — f in L}, —norm. Since the inclusion map Lf, — L' is continu-
ous, there is a K > 0 so that ||g|[y < K||g||¢ for all g € Lf,. Fix € > 0 and choose § > 0 so
that sup{||xah|r : h € K} < 5 whenever u(A4) <.

By Egorov’s theorem, there is a measurable set F with u(2\ F) < ¢ so that a, — f

uniformly on E. Choose N € N so that ||[xg(an — f)[|ec < 5% Whenever n > N. Then for
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any g € L§ with [|g||l¢ <1 and n > N we have

R T
— [ lgl+lan = fldp+ [ gl lan ~ fldp
E O\E

IN

gl 1 xelan = 1) llo + 119 llc -l xeve(an = 1) [[r
&g

3K

€ 1 & €
< - S n c
5t (n kZ::l k) xo\gllF + 3

IA

Klgllaz7= + lglla(lanxo\ellr + 11/ xo\£llF)

< E LS ol

- 3 ni— \
2e e

< ? 5—8.

So the claim is established.
Thus K is a Banach-Saks set in L. It also follows that f,, — f weakly in L} and so

K is relatively weakly compact in L7} thanks to the Eberlein-Smulian theorem. 1

A. Grothendieck has shown that if 1 < p < oo and X is a closed subspace of LP()
contained in L>(u), then X is finite dimensional (see [10] and [28, ch. 5]). We generalize

this result as follows.

Theorem 1.4.6 Suppose that X C L*°(u) and suppose that X is a closed subspace of an

Orlicz space Ly . Then X is finite dimensional.

Proof : Let i1 : X — L*°(u) and iy : L>(p) — L} be the natural inclusion maps, with
X having the topology inherited from L}, . Let (fy,) be a sequence in X and assume that
| fn—f |lr— 0 for some f € X . Also assume that || f,, — g ||co — 0 for some g € L. The
first assumption yields a subsequence (fy,) of (f,) with f,, — f @ —a.e.. Since f, — ¢
uniformly g — a.e. we have that f = g u — a.e.. Thus by the closed graph theorem iy is

continuous.
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Now by Theorem (1.4.5) is is weakly compact and as L°°(u) has the Dunford-Pettis
property, is is completely continuous. Hence i o i1 is weakly compact and completely
continuous. But 49 04y is the identity on X. Now it is not hard to see that the identity on
X is compact and hence X is finite dimensional. 1

We now prove the following stronger version of De La Vallée Poussin’s theorem.

Theorem 1.4.7 A set K is relatively weakly compact in L' if and only if there is F € A/

so that K s relatively weakly compact in LY.

Proof :  Since the inclusion map L}, — L' is continuous and thus weak-to-weak continous,
necessity follows. So suppose that K is relatively weakly compact in L'. By De La Vallée
Poussin’s theorem, there is an N-function H with sup{ [ H(f)du : f € K} < co. By Lemma
(1.4.1), there is F' € A’ with F (F(x)) < H(z) for large z. Sosup{ [ F (F(f))du: f € K} <
00, and by De La Vallée Poussin’s theorem once more, we have that {F(f) : f € K} is rel-
atively weakly compact in L'. Hence by Lemma (1.4.2), K has equi-absolutely continuous
norms in L}. Since K is obviously bounded in L}, we then have that I is relatively weakly

compact in L7, thanks to Theorem (1.4.5). 1

Remark: If L C L' and if there is an N-function F with its complementary G' € Ay so
that sup{ [ F'(f)du : f € K} < oo then K is a bounded subset of L? for some p > 1.
Indeed, if G € Ay then there is ¢ > 1 so that LY C Lf,. Let T : LY — L, denote the
natural inclusion map. Then if % + % = 1 the adjoint operator 7™ : L}, — LP is also a
natural inclusion map. Since T is continuous so is 7. Hence K bounded in L7, implies

that K is also bounded in LP.



Chapter 2

ORLICZ SPACES AND THE WEAK BANACH-SAKS

PROPERTY

2.1 A weak compactness result reminiscent of the Dunford-Pettis theo-
rem

In this section we deal with a special class of Orlicz spaces, namely those spaces whose
generating N-function F satisfies Ay and the function G complementary to F satisfies
limt_,oo% = oo for some ¢ > 0.! This class of spaces has been examined by D. Leung
and in [18] they have been shown to satisfy the weak Dunford-Pettis property? while they
fail the Dunford-Pettis property. This fact shows that such spaces are not isomorphic to
L'(p) for any probability p. Nonetheless they exhibit some striking similarities with L!
spaces. Some of these similarities are discussed in Chapters 2 and 3. At this point we
should mention that V. A. Akimovich has shown in [1] that every reflexive Orlicz space over
a probability is isomorphic to a uniformly convex Orlicz space. Combining this result with

Kakutani’s result in [15] that states that uniformly convex spaces have the Banach-Saks

property, one can immediately conclude that reflexive Orlicz spaces have the Banach-Saks

property.

Lemma 2.1.1 Let K C L} where F' € Ay. Suppose that K fails to have equi-absolutely

continuous norms. Then there is an g9 > 0, a sequence (fn) C K and a sequence (E,) of

!The following question remains unresolved. Given an N-function F € Ay with its complement G ¢ A

does there exist an N-function ® equivalent to F' so that its complement ¥ satisfies lim:— oo \I:I,((Ctt)) = oo for

some ¢ > 07
2A Banach lattice X has the weak Dunford-Pettis property if any weakly compact operator from X into
any Banach space maps disjoint, weakly null sequences onto norm null sequences.

19
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pairwise disjoint measurable sets, so that || xg, fn |F > €0 for all positive integers n.

Proof : Since K does not have equi-absolutely continuous norms, there is an 7y > 0 and
sequences (kn) C K, (4,) C X, with u(A,) < o, so that || xa,kn |[F> no for all positive
integers n. For each n let B,, = U;’;n Aj. Then B,, D Bj4+1. Furthermore

o s > 1

u(Ba) = (U 45) < D w(Ay) < 30 55 =

j=n j=n j=n
as n — oo, with || xB, kn ||F > || x4, kn ||F> no for all positive integers n. Since F' € Ay we
have that each f € L} has absolutely continuous norm. So if ny = 1 then there is ny > ny
so that || X, \B,,kn, [[F> 5 (After all (By) \, 0 ). Let E1 = By, \ By, and let fi = ky, .
Now choose ng > ng so that || XBHQ\anan |lF > L. Let Ey = By, \ By, and let fo =k
Continue on. The result is now established if we take g = %0 A |

We next present a 'Rosenthal’s Lemma’ type of result. (cf. [6, page 82].)

Lemma 2.1.2 Let X be a Banach space. Suppose that (xy,) C X is weakly null and (x}) C
X* is weak™ null. Then for each € > 0 there is a subsequence (ny) of the positive integers,
so that, for each positive integer k we have

Z <y, @, >|<e.

J#k
Proof : Let € > 0. Let n; = 1. Since x}, — 0 weak™ there is an infinite subset A; of the
positive integers so that > c 4, |< L7, Ty >| < § . Since x, — 0 weakly and since A; is
infinite, we can find ny > ny with ny € Ay, so that |[< z , 2, >| < § . Similarly there

is an infinite subset Ag of A; so that }o;c4, |< @}, 20, >| < Again choose n3 > ng

[el10)

with n3 € Ag so that |[< z}, ,2,; >| < 7 and |< 2},,,2,, >| < § . There is an infinite

subset Ag of Ay so that >4, |< L7, Tpg >| < §. Choose ng > n3 with ngy € A3 so that
< @y, rp, >| < § fori=1...3. Continue inductively to construct a sequence of infinite
n; 4 Yy

subsets of the positive integers, Ay D As--- D A D --- and a sequence ny < ng < --- of
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positive integers with

(i) neyr1 € Ag for all k.

(i1) Y l<al, an,,, > < % for all k.
JEAK

(@d)  |<at

9 T >| < % for all k and for j=1,2,...,k.

Now for fixed positive integer k we have

k—1 00
Z <y, an, > = Z |<ap, Tn, >| + Z |<ap,, Tny, >
ik j=1 j=k+1
€
JEAL
< = + S €
2 2 7

And so we are done. 1

Now we are ready for the main result of this section.

Theorem 2.1.3 Suppose that F' € Ay and that its complement G satisfies

lim Glct)
% Gl

=00 for some ¢ > 0.
Then any weakly null sequence in L}, has equi-absolutely continuous norms.

Proof : Suppose not. Then there is a weakly null sequence (f,) C L} that fails to have
equi-absolutely continuous norms. Using Lemma (2.1.1) we may assume that there is an
g0 > 0 and a sequence (E,,) of pairwise disjoint measurable sets so that || xg, fn [|[F > €0
for all positive integers n. Now choose a sequence (g,) C Lg so that each g, is supported
on E, with [ G(g,)dp < 1 and so that | [ gnfadup | > eo. For a fixed f € L}, Holder’s

Inequality yields

[ Foudi| =1 [ o, Sgudin | <1 xi,f e 1 g e

But since (E,,) are pairwise disjoint and p is finite we have that p(E,) — 0. Furthermore

since F' € Ay and f € L}, f has absolutely continuous norm. Thus || xg,f [[F — 0. As
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(gn) is norm bounded, we can conclude that || xz,f |F - || gn [lc— 0 and so [ fgndu — 0.
Hence (gy,) is weak* null. By Lemma (2.1.2) there is a subsequence (ny) of the positive
integers so that for each k we have 37, | [ gn; fo,dp | < 5.

We now claim that [G(%2)dy — 0. Fix ¢ > 0. Since lim; . Gt)) = oo then

limy oo Gét(é)c) = 0. Choose tg > 0 so that GG%;) < § whenever t > 1o . Since u(E,) — 0,

there is a positive integer N so that u(E,) < m whenever n > N. Hence if n > N

we have

/G(gn/C)du = /[gn|<to} G(gn/c)dp + /mn%] gn/C)dp
Glto/e)p(Bw) + [ 5C(gn)dn

+

IN

| ™
| ™

So the claim is established.

Now choose a subsequence (ny,,) of (ng) so that

- g
E /G(inkm )dp < oo.
m=1 ¢

Let g = > 0—1 9ny, - Then g is well defined and g € L, since [ G(g/c)du < oo. Since (f,)
is weakly null, we must have fgfnkm du — 0 as m — oo . But for each positive integer m

we have

I/gfnkmdu! = ’/(ignkj)fnkmdu

=N D S P
j#m
> ’/gnkmfnkmdu| - Z ’/gnjfnk
J#km
€0 €0
C Ty T

which is a contradiction. 1
As a corollary to the theorem above, we get the following result that resembles the

Dunford-Pettis theorem for L.
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Corollary 2.1.4 Let F € Ao and suppose that its complement G satisfies

I G(ct)
% G()

= oo for some ¢ > 0.

Then a bounded set KC C L7 is relatively weakly compact if and only if KC has equi-absolutely

continuous norms.

Proof : Suppose that K C L% is relatively weakly compact. If K fails to have equi-absolutely
continuous norms then there is an g9 > 0, a sequence (f,) C K and a sequence (E,) of
measurable sets with p(E,) — 0 so that || xg, fn ||F > €0, for each positive integer n. By
the Eberlein-Smulian theorem, there is an f € L} and a subsequence (fy,) of (f,) so that
fnp — f weakly in L. . So by Theorem (2.1.3), (fn, — f) has equi-absolutely continuous
norms. Thus || xg,, (fn, — f) |[F— 0ask — oco. As FF € Ay and f € L, f has absolutely

continuous norm. Hence || xg,, f [|F — 0 as k — co. But

0 < XB,, fri 1P <1 XEo f P+ || XE0, (for = F) P
which is a contradiction.
The converse is just Theorem (1.4.5). 11
Corollary 2.1.5 Under the hypothesis of Corollary (2.1.4), L}, has the weak Banach-Saks
property.

Proof : Tt follows directly from Corollary (2.1.4) and Theorem (1.4.5). 1

2.2 An application in convex function theory
Recall that an N-function G satisfies the A3 condition if there is ¢ > 0 so that tG(t) <
G(ct) for large values of ¢t. If G € Ag then its complement F' € Aj [17, pages 29-30].

Furthermore it is clear that lim;_ %((Ctg) = 00. Also note that if G € A% then G € Ag .

In [17, page 30] the following question is posed: Given an N-function F € A’ is it

possible to find an N-function H, equivalent to F' so that for some K > 0

H(xy) < K-H(z) H(y) Yo,y e R?
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The following theorem answers this question in the negative.

Theorem 2.2.1 Suppose that G € A? and let F' denote the complement of G. Then there
18 no N-function H equivalent to F' which satisfies the following condition:

There is a K > 0 so that H(t1 - t2) < K - H(t1) - H(t2) for all real t1 and to.

Proof : Suppose that such an H existed. Let p denote Lebesgue measure on the interval

[0, 1]. Since p is non-atomic, we can find a sequence (E,,) of pairwise disjoint measurable sets,

each of which has positive measure. For each positive integer n, let h,, = H _1(#(}371)))( B, -
Then h, € Lj; with [ H(hy)du = 1 for all positive integers n. It follows from Lemma
(1.4.2) that no subsequence of (h;) has equi-absolutely continuous norms.

We now claim that (hy,) is weakly null. Let (hy,, ) be any subsequence of (h;). Then for

any positive integer N we have

/H(lNh Vi < K.H(l)./H(ZNjh Yy
Nk:l " B N k=1 "
1 N
= K-H()-S [ Hh)d
(+) kg/ (o )l
O TE I R
N kzliu‘(Enk) "
_ K-H(%) N

Since H is an N-function, lim;_,g @ = 0. Thus limy_,o K - H(%) - N = 0. But since
H e A then He Ay. So || + SN 1 hny, ||lg— 0. To summarize, every subsequence of (hy,)

has norm null arithmetic means and so (h,) is weakly null as we claimed. Now since F' is

equivalent to H, there are constants Ay > 0 and Ay > 0 so that

M flr<lFlla< Xl fllr for al feLy(=LE).

By Theorem(2.1.3), (h,,) has equi-absolutely continuous F-norms and thus, by the inequal-

ity above, (hy,) also has equi-absolutely continuous H-norms.
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But this is clearly a contradiction. I

Remark: The same result can be obtained from the work of T. Ando in [2]. Specifically
it follows directly from [2, Theorem 1], that given F' € Ay, a subset K of L}, is relatively

weakly compact, if and only if

F(tf)

T:fGIC})ZO

I
lim (sup{
With this fact in hand, we can easily prove the following theorem.

Theorem 2.2.2 Let F be an N-function satisfying the A’ condition for all real x,y. That

is there is K > 0 so that F(zy) < K - F(z) - F(y) for all z,y € R. Then L}, is reflexive.

Proof: Since F € A’ then f € Ag. Furthermore

F(tf)

upJo P () dn(e)

lim (sup{—=: f € Brz}) = lim( ; : f € Bry,})
< lim (Sup{fQK'F(t)'J;(f(w))d/i(w) fE€BLY)
— i O g
t—0 t

Thus Bp: is relatively weakly compact and so L7 is reflexive. 1

Now it is easy to see that given any N-function F' € A’ so that its complement G ¢ Ag,

then there is no N-function H equivalent to F' so that, H satisfies A’ for all real z,v.



Chapter 3

REFLEXIVE SUBSPACES OF NON-REFLEXIVE ORLICZ

SPACES.

3.1 Subspaces containing complemented [,
In this section we derive a theorem similar to the one of Kadec and Pelczynski, about

L' in [13]. The proofs are modeled after the ones in [6, pages 94-98].

Lemma 3.1.1 Let (f,) be a normalized disjointly supported sequence in L},, where F' € Ag

and its complement G satisfies limg_, oo %((C;)) = 00, for some ¢ > 0. Then there is a

subsequence (fy,) of (fn) so that
i. (fn,) is equivalent to 1y ’s unit vector basis.

ii. The closed linear span of (fn,) is complemented in L}, by means of a projection of norm

less than or equal to 4c.

iii. The coefficient functionals (¢y) extend to all of the dual of L} and |¢gl| < 4 for all

positive integers k.

Proof : Let E, denote the support of f,,. For each positive integer n choose g, € Lo with
J G(gn)dp < 1 so that [ g, fndp > % There is no harm in assuming that each g, is also

supported on F,,.

Claim that [ G(gn/c)dp — 0 as n — oo. Fix € > 0. Since lim;_.s %((cf)) = 0o then
lim,_ oo GC(;Z )C) = 0. So we can choose g > 0 so that GG(%)C) < % whenever x > xg. Since

the E,’s are pairwise disjoint and p is a probability, we have that pu(E,) — 0 as n — oo.

26



27

So there is a positive integer N so that u(FE,) < m whenever n > N. So forn > N

we have
[Gnsoin = [ Glonfeldn+ Gga
[lgn|<zo] [lgn|>z0]
£
< Glao/ou(En) + 5 [ Glandn
2T 9 7¢

and so the claim is established.
Now choose a subsequence (ny) of the positive integers so that > 72 [ G( Edp < 1.
For any sequence of signs o = () define g, = Y 72 €xgn, - Since the g, ’s are disjointly

supported, g, is well defined. Furthermore

/G(gf)d,u — / ade
k 17 Eny,
_ / G 5kgn;C
k=1"Enp

o\ ngk
A

< 1.

So g» € L. Recall that the norm of g, in LY, is given by [|ge|l¢ = inf{3 (1 + [ G(kgs)dp) :
k > 0} and so it is easy to see that ||g,||¢ remains constant as o varies. Denote this constant

by M and observe that

M =||gollc < e(1+ /G(%’)du) = c(1+ fj /G(%)du) < 2.
=1

Now for (ay) € l; let 0 = (sign(ax)). Then

v

00
HzakfnkHF / gazakfnk
= ||90||G

-/ g axl9m S )
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o0
= MZ akl/gnkfnkdu
k=1

1 o0
Z|Gk|~
k 1

v

Hence (i) is established.

Now define for each k, a functional ¢;, on all of L% by

oulf) = [ guutn

/ gnkfnk dp

and define P : L} — L} by
£ =2 ou(f) far-
k=1

Then for k=1,2,...

[0kl < 2[lgn,llc <2- (14 G(gn,)) < 4.

Furthermore P is a projection of L} onto the closed linear span of (f,, ) with

= [ gn, fdp

[P = sup || e

irlr<t = d G Fundi

< 2 sup Z/!gnkf!du
||f||F<1k: 1

< 2 sup H(Z 9 Dl - 117
Ifle<t Aoy

— oM

< A4e.

And so our proof is complete. 1
We state now the following result in form of a lemma. Its proof can be found in [6, page

50].

Lemma 3.1.2 Let (z,) be a basic sequence in the Banach space X with coefficient func-

tionals (2). Suppose that there is a bounded linear projection P : X — X onto the closed
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linear span [z,) of (zn). If (yn) is any sequence in X for which

o0
PNzl ll2n =l < 1,

then (yn) is a basic sequence equivalent to (z,) and the closed linear span [y,] of (yn) is also

complemented in X .

Lemma 3.1.3 Let (fy,) be a sequence in L}, where F € Ay and its complement G satisfies

limy, oo %((c‘? = oo for some ¢ > 0. Suppose that for each € > 0 there is a positive integer

ne so that p([ |fo.| > €llfnllF]) < €. Then there is a subsequence (ry) of (fn) so that

(”TZHF) is equivalent to li’s unit vector basis. Furthermore the closed linear span [ry] of

(rn) is complemented in L.

Proof : First observe that if f € L}., E = [|f| > ¢||f||r] and K is the norm of the inclusion

map L — L' then

/ AN

= 1- ||f|| sup{\/gXchdu\ g€ Lg and G(g) <1}
> 1- ||f|| sup{llgll1 - [[xzefllo : 9 € L and G(g) <1}
> Ixzeflloo

||f||
> [fllF-e

||f||
= 1-Ke.

So using the hypothesis there is a measurable set F; and a positive integer ny so that

1

E -
plEr) < " 16¢ - 42

and ||\xe, - llr =

1
16¢- 42K ||fn1||

Since F' € Ay then each f € L% has an absolutely continuous norm. This fact together

with the hypothesis again, yields a measurable Fs and a positive integer no > nj so that

1

E - -
wE) < o PR
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1

R TPAWE

o
uallr

fra 1
E F< .

Continue inductively to construct a subsequence (g,) of (f,) and a sequence of measurable

sets (E,) so that

and

Now let

Then

Thus

1
16¢c - 4nt1 K’
In 1
>1—- —F—-

p(Ey) <

1
S lxm, —2E || < =
. lorllr"" = Tec-an

oo
Ay =E,\ |J Ex and h,= ||gH X4, -
k=n+1 gn
| —hallr = HXAn HF
< lxes ——F + lIxz\ 4, ——IlF
I nH gnllF
1 gn
< —_— oo =
S Teewr Tz, B gnllz I
1 [o¢]
< -
= 16¢.4n+l + ||k_zn;r1XEk H nH HF
1 9n
< —a IXE, ———IIF
16¢ - 4n+1 k%l "llgnllF
1 1
< — 4 Z S
- . +1 . Ak+1
16¢ - 4™ Mot 16¢c -4
_ 1
16c- 47

1 > thHF
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= |xa,——I|r
llgnllF
9n gn
> xe, = llF = lIx; pe ——|lF
gl 7 Uizt B gl
! S e 2|
> 1= XEy - IIF
16¢ - 4nt1 k=n+1 g ||gn||F
1 © 1
> 1—-— - Z S
- . +1 o Ak+1
16c-4n+l o= 16c-4
1
16¢c - 47
And so
dn hn h
| - IFa | — hnllF + ||hn — IFa
lgnllr  llhnllF lgnlle " " hallp
< 1—1|lAh
< Soorg T A lale)
< +(1—-1+ ! )
- 16¢-4n 16¢ - 47
= 16c-4n

By Lemma (3.1.1), there is a subsequence (ny) of the positive integers so that

hn . . . .
o ( W) is equivalent to /1’s unit vector basis.
"k

e The closed linear span [hy, ] of (hy, ) is complemented in L} by means of a projection

P, of norm less than or equal to 4c.

e The coefficient functionals ¢;, extend to all of L, with ||¢x||c < 4 for all £.

So we have that if 7, = gy, then

P,

121 lloxlle -l
Z AT

|F

gnk hnk
S 16¢ - F
Z”HgnkuF Vo I
< mc-zn iy
Toalr ~ Thnlie
s 2
= lﬁc'zlﬁc-zw
n=1
9
-2

1

N
— 3
. Il
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Hence the result is established by an appeal to Lemma (3.1.2). 1

Theorem 3.1.4 Let F' € Ag with its complement G satisfying

lim Glez)

o5 G(1)

=o0 for some c > 0.

If X is any non-reflexive subspace of Ly then X contains an isomorphic copy of Iy that is

complemented in LY.

Proof :  Since X is not reflexive, then the ball Bx of X is not relatively weakly compact.
Hence by Theorem (2.1.4), Bx does not have equi-absolutely continuous norms. So by
Lemma (1.4.2), the set {F(f) : f € Bx} is not uniformly integrable in L'. Thus there is
a d > 0 so that

lim sup{/ F(f)dp; feBx}=9.

amee [If1za]

Keeping in mind that the above limit is actually an infimum we can find an increasing

sequence (a,) of positive reals, with a, — 0o as n — oo so that

6§sup{/ F(f)du;feBx}<5+l,
[‘f|2an] n

for each positive integer n. It follows then, that there is a sequence (f,) in Bx so that

5—3</ F(fo)du < 6+ =
[1fn]=an] n

n
for all positive integers n. Now let g, = fuX[|f,|>an] @0d hpn = fr — gn. Observe that for

each € > 0 we have

pllgnl = ellgnllr ) < p([lgal > 0])

1

< — | fnldp
An J{|fr|>an ]
1

< — F(fn)du
an [|fn|2‘1n]
1

< =

Y
an
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é — 0 as n — oo then u([|gn| > €llgnllr]) < e for

provided that n is large enough. Since
even larger n. So by Lemma (3.1.3), (¢g,) has a subsequence that spans a complemented [y
in L.

We now show that (h,,) has equi-absolutely continuous norms. Note that if m < n then

[|hm| > an | = 0 while if m > n then

/ Flw)dp = [ F(fm)dn
Hhm‘zan] [‘fm‘<am]m[|fm|2an]

-/ F(fw)dn— | F(fon)dp
[|fm|>an] [fm]|>am ]

1
< Sup{/[|f|>an]F(f)du . feBx} -0+

1 1
< S4+-—-6+-—
n n

2
—

So for each positive integer n we have

2
o

sup/ F(hy)dp = sup / F(hp)dp <
m S |hm|Zan ] m>nJ[ |hm|2an |

It follows then that {F(h,,) : m > 1} is uniformly integrable in L' and so by Lemma (1.4.2),
(hy,) has equi-absolutely continuous norms as we claimed. Hence by Corollary (2.1.4), (hy,)
is relatively weakly compact in L7. So by passing to appropriate subsequences, we can
assume that (g,) spans a complemented {; in L}, and (h,) is weakly convergent in L}..
Thus (hg, — hop+1) is weakly null. So by Mazur’s theorem, there is an increasing sequence

(nk) of positive integers and a sequence (ay) of non-negative reals so that
n
o Yilnna=1L
e The sequence (wy) defined by wy = Z?Eﬁ#l a;(hoj — hojy1) is norm-null in L7.

Let

Tk41

ug =Y aj(f2i — f2j11)

Jj=ngr+1
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and
Tk4+1
Vg = Z a;j(92j — 92j+1) -
Jj=nr+1
Then u, = v + wy and |Jug — vg||F = ||wkl]|[r — 0 as & — oo. By selection, (”giThF) was

equivalent to I1’s unit vector basis with complemented span in L},. As ||gn||r > [ F(gn)dp >
o — %, (gn) itself is equivalent to I;’s unit vector basis. A little thought convinces us that
this is also the case with (vy), with the closed linear span of (vj) still complemented in L}
of course. By passing to a subsequence to ensure that ||ug — vg||F converges to zero fast

enough to apply Lemma (3.1.2), the result is finished. I

3.2 Some facts about Banach Spaces with type
In this section, we denote by (r,), the sequence of Rademacher functions. Recall that

for a positive integer n, r, : [0,1] — {—1,1} is defined by
o r,(1)=—1.
o rp(t) = (=1)01 for t € [, o), where i = 1,...,2".

Definition 3.2.1 A Banach space X is said to have type p, for some 1 < p < 2, if there is
a constant K so that

1

L& 1 1
IS o < K1)
i=1
for any x1,...,x, € X.

The following result allows some computational freedom :

Theorem 3.2.1 (Kahane’s inequality) A Banach space X has type 1 < p < 2 if and
only if for each 1 < g < oo there is a constant K, > 0 such that

1

1 1
(f HZn Jall1d)t < ZH%H”P

for any x1,...,x, € X.
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It turns out that type’s presence in a Banach space, is ultimately connected with the space’s

finite dimensional structure. To be more specific, we need the following notion.

Definition 3.2.2 Let A > 1 and X be a Banach space. We say that X contains I7’s
A-uniformly if for each positive integer n there is an isomorphism T : I — X so that

I 1T~ < A

It is easy to see from the definition above that X contains [{’s A-uniformly if and only if

for each positive integer n, 3x1,...,z, € Bx such that

n 1 n
1Y aizil| > XZ [
=1

i=1

for all choices of scalars a1, ..., a,.

Theorem 3.2.2 (Pisier) The following are equivalent for a Banach space X :
1. For each A > 1, X does not contain 17 ’s A-uniformly.
2. For some A > 1, X does not contain I ’s A-uniformly.
3. The space X has type p for some 1 < p < 2.

For a proof of this theorem as well as a more detailed account and bibliography, the reader

should consult [26] and [25, pages 31-40].

3.3 Subspaces of L}, that have type

The work of Kadec and Pelczynski in [13], finds its natural continuation in the work
of Rosenthal. In [27], Rosenthal shows that a subspace of L! is reflexive if and only if it
has non-trivial type. In this section, we follow his lead, to show that the same fact holds
true for the special class of Orlicz spaces, we have been considering. The following result,

mentioned in the form of a lemma, is due to Dor and Kauffman ( see appendix and [8] ).
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Lemma 3.3.1 Suppose f1,..., fn € Bri(y) satisfy

n n
1> aifilly =0 lai -
i=1 i=1

for any a1,...,a,, where 0 < 0 < 1.

Then there exist pairwise disjoint measurable sets Ay, ..., A, such that

/ |fildp > 6% .
A;

We now adapt that lemma to our purposes.

Lemma 3.3.2 Suppose fi,...,fn € B« () satisfy

n n
1Y aifilr >0 |ail
i=1 =1

for any ai,...,a,, where 0 < 0 < 1. Then there exist pairwise disjoint measurable sets

Aq,..., A, such that

Ixa, fillp > 6%

Proof : There is no loss in assuming that || >/, a; fil|r > 0 >_1; |a;|, provided that not all

of ay,...,a, are zero. Choose now g € BLE’ where G is the complement of F', so that

n n
[ oS atodul >0 el
i=1 i=1
Then
n n
[1Xaitgfoldu> 03" lai
i=1 i=1
and so by Lemma (3.3.1) there is a collection of measurable and pairwise disjoint sets

Aq,..., A, so that

/ lgfildu > 0> Vi=1,....n.
A;
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By Holder’s inequality we then have that for each i =1,...,n

Ixa fillr > gl - lIxa; fillr
> /Igfi\du
A;
> 6%,

which is what we wanted. 1

The following theorem, characterizes reflexive subspaces of L., for F' € As, with com-

plement G satisfying lim;_, GG(?Z;f) —

Theorem 3.3.3 Let F' € Aq, with its complement G satisfying

G(mt)
e G(t)

for some m > 0. Let X be a subspace of L}.. Then the following are equivalent :
1. The space X is not reflerive.
2. The space X contains a copy of ly complemented in L.
3. The space X contains IT’s uniformly.
4. The space X fails to have non-trivial type.

Proof : The implication "1 = 2” is just theorem (3.1.4). As for 72 = 3” it follows directly
from the definitions. The double implication ”3 < 4” is Pisier’s theorem. So we will only
show "3 = 17.

Suppose that X contains [1'’s uniformly. Then there is a 0 < # < 1 so that for each

positive integer n, there are functions fi,..., f, € Bx satisfying

n n
1> aifillr >0 lail ,
i=1 i=1
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for any choice of scalars ai,...,a,. So by Lemma (3.3.2), we have that for each posi-
tive integer n, there are functions fi,..., f,, € Bx and measurable, pairwise disjoint sets
Aq,..., A, so that

Ixa; fil F>6% i=1,....,n.
Since Ay, ..., A, are pairwise disjoint, at least one of them must have py-measure less than
1

. Thus By cannot have equi-absolutely continuous norms. Hence by Corollary (2.1.4),

Bx is not weakly compact in L} and so X is not reflexive. I



Appendix A

THE PRESENCE OF UNIFORM [}’s IN L'(p)

Lemma 3.3.1 was presented to me in this form by Joe Diestel. So for the purpose of
completeness I include its proof here. Our result will be a direct consequence of the following

two lemmas.

Lemma A.1 Suppose that fi,...,fn € Bri(, and for some 0 <6 <1 we have
n n
1Y aifil >0 |adl,
i=1 i=1
for any choice of scalars a1, ...,a,. Then

n

| max Ja; fil 1 > 6% |adl,

1<i<n

i=1
for any a1, ..., ay.
Lemma A.2 Let f1,..., fn be non-negative elements of Bri(,) and suppose that there is
c > 0 so that
n
Y dy > .
/Q(lrg?gxn azfz) w = Cizzlau
for any non-negative scalars a1, ...,an. Then there exist pairwise disjoint measurable sets

Aq, ..., A, such that

/ fidp > c,
A;

fori=1,...,n.

Proof of A.1: Let (r,) denote the sequence of Rademacher functions. Then using Fubini’s

theorem, it is easy to see that
n 1 n
03 led < [ I amd(t)fil d
i=1 i=1

39
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- [ ;am(t)fi(w)l () di

= [ 1S w0 e

< // Zam (0)fi (@) dt)? du(w)
< /Z\am V@) dpa(w)

< G lasfi)) - lafi@))? du(e)

N

O 1<i<n

< ( max asfi ()| duw))? - ( /Q > laifi(w)] dp(w))?
=1

IN

1 1
Z!azl )2 - (Il max |a; fil [l1)>

1<i<n

and so the first lemma is finished. 1

Proof of A.2: The proof of the second result is more involved and relies on clever usage of
the Hahn-Banach and Krein-Milman theorems. We proceed in three parts.

PART I We first show that there exist non-negative ¢1,..., ¢, in L™ with Y1 ; ¢; < 1so
that [, @ifi dp > cforall 1 <i<mn.

Let

n
D={ (o1, n) € (LX) : 1,cm 20, Y 9 <1},
i=1

View D as a subset of (L> @ --- @ L>);n and note that D is weak*-compact and convex.

Define T' : (L*@®--- @ L®)m — I, by

T(wl,---yson)Z(/lefl du,n-,/gsonfndu)-

It is plain that 7" is weak® to norm continuous and linear. Thus 7'(D) is a compact convex

subset of [ . Consider now

C=1{(ct,....cp) € I"

rieg e i=1,...,n}.
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Clearly C is a closed and convex subset of I. In order to establish Part I we only need to
show that T(D)NC # 0.
So suppose that T(D) N C = (). Then by the Hahn-Banach theorem there is A < 1 and a
point (ay,...,a,) in the unit sphere of [} such that

n n

Zai/ Qifi dp < A<1<> ae

=1 /9 i=1
for all (c1,...,¢n) € C, (¢1,-..,n) € D. Observe that aq,...,a, are non-negative and
eyt a; > 1. Let

= max a;f;.
9= 2%, ifi

Choose pairwise disjoint and measurable sets Fy, ..., Ey, so that on each E;, g = a;f;. Then

(XEys---»XE,) € D and so

vy a< [ gdu= /g)(ijlaifim)du - Zlai/gfimdu <)
i=1 i= i=

which is obviously a contradiction.

PART II: Take non-negative ¢1,...,p, € L with >, ¢; <1 and fQ wi fi du > ¢ for
i=1,...,n. We will show that there exist disjointly supported functions z1,...,z, € L™,
with exactly the same characteristics. That is z1,...,x, non-negative with > 1" ; z; < 1

and [ z;fi dp > cfori=1,...,n. Look at

Dy={(x1,...,2,) €D : /a:ifidu = /(pifidu fori=1,...,n}.
Q Q

Dy is a non-empty weak*-compact convex subset of D. By the Krein-Milman theorem Dy
has an extreme point say (z1,...,x,). We claim that z1,...,x, are disjointly supported.
For if not then there are 1 <7 < j <n and n > 0 so that = x; A ; > n on some set F of
positive measure. Now since p is non-atomic, the span of the set {x-xp : F C E, F € ¥} is
infinite dimensional and so it contains a non-zero h with |h| < z and [, hfi du = [ hfj dp =

0. But now the points (x1,...,2i—1,2; + h, Zit1,...,Tj—1,2; — h, Tjq1,...,2,) and
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(1, Timt, i —h,xiqq, ..., xj—1, 25+ h, x40, ..., ) are two distinct points of Dy whose
average is (x1,...,2,) which is impossible. So Part II is finished.

PART III: Let A; be the support of z;. Then for each i we have

CS/%’fid,u = /xifid#
0 Q
— [ i dp
A;
< /fidﬂ-l
A;
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